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Analysis of Discrete Ordinates Method

with Even Parity Formulation
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The even parity formulation (EPF) of the discrete ordinates method (DOM) is used to simulate radiative
heat transfer in two-dimensional enclosures containing an absorbing-emitting and scattering medium.
The discrete ordinates equations for the EPF are second-order differential equations and they are spatially
discretized using a second-order central difference scheme. At the boundary, a higher-order upwind
scheme is employed to prevent solution instability and minimize errors. The matrix solver of the discre-
tized equations is based on a preconditioned conjugate gradients method. To investigate the accuracy and
efficiency of the EPF of the DOM, several two-dimensional benchmark problems with an absorbing-
emitting and scattering medium enclosed by gray walls are considered. By taking an appropriate nu-
merical treatment, the numerical results from the EPF appear to compare favorably with other available
solutions. However, the even parity solution usually requires more CPU time and iterations to converge
in comparison with the conventional DOM, especially for the case with a small optical thickness. This
work indicates that the EPF of the DOM may be not as robust as the conventional DOM.

Nomenclature
= emissive power
first variable in the EPF
second variable in the EPF
incident radiation
enclosure height
radiative intensity
blackbody radiative intensity
volume index numbers
enclosure length
= total discrete direction numbers over a solid
angle of 27
= maximum volume index number in x direction
maximum volume index number in y direction
= discrete direction number
= surface normal vector
= net radiative wall heat flux
irradiation
location vector
weight of a discrete direction
physical coordinates
wall emissivity
absorption coefficient
direction cosines
scattering coefficient
scattering phase function
= direction vector
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Introduction

ADIATION heat transfer is one of the major modes of
heat transfer in boilers, furnaces, rocket engines, and
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other high-temperature combustion systems. An accurate pre-
diction of radiation is very important for the design of these
systems. In the last several decades, many methods have been
developed for predicting radiative heat transfer in combustion
systems. They include the zone method, Monte Carlo method,
flux method, discrete ordinates method (DOM), etc. The zone
method has the advantage of achieving very accurate solutions,
often termed as exact. However, it has difficulty accounting
for the scattering and spectral information of gases, and its
applications are restricted to relatively simple geometries since
the evaluation of direct exchange areas is too cumbersome for
complicated geometries. Similar to the zone method, the
Monte Carlo method can predict radiative heat transfer accu-
rately, but its execution is very time consuming for compli-
cated problems. The flux method was once a very popular
method in accounting for radiation effects in combustion sys-
tems because of its easy formulation and compatible numerical
algorithms with those for solving fluid transport equations.
However, this method approximates angular intensity distri-
bution along only four (two-dimensional) or six (three-dimen-
sional) directions, and thus, accuracy is limited. Currently, one
of the most widely used methods in combustion systems is the
DOM.

In the DOM, the radiative transfer equation (RTE) is directly
solved numerically along discrete directions that approximate
the angular intensity distribution. As a result, the DOM is rel-
atively easy to code, it provides accurate results by using
higher-order approximations, it can account for spectral ab-
sorption by gases and scattering by particles, and it is com-
patible with numerical algorithms for solving transport equa-
tions.' Currently, there are two types of RTE used with DOM.
One is the conventional RTE, which is a first-order differential
equation, and the other is the even parity formulation (EPF),
which is a second-order differential equation. While most work
on the DOM is focused on the conventional RTE, application
of the EPF in the DOM has received attention only recently
in the heat transfer community.

The EPF of the DOM was originally applied in neutron
transport applications.” Song and Park® are the first to apply
this formulation in radiative heat transfer problems. They



254 LIU ET AL.

transformed the conventional RTE into a second-order differ-
ential equation with integral scattering terms and investigated
two problems to demonstrate the solution accuracy. Fiveland
and Jessee™ formulated the conventional RTE and the EPF
with the finite element method and compared the even parity
solution with other solutions for different cases. Their results
indicated that the accuracy of the even parity predictions de-
graded as the optical thickness and wall emissivity were in-
creased. Koch et al.’ applied the EPF in a body-fitted coordi-
nate system. Their study mainly focused on the effects of
nonorthogonal grids. It was found that directional biasing and
ray effects still existed in the even parity solution.

Because of the completely different mathematical structures,
some numerical features in the EPF of the DOM are quite
different from those in the conventional DOM, and their ex-
amination is necessary for determining the application of the
EPF. In this paper, the accuracy and efficiency in the numerical
solution from the EPF will be investigated by considering sev-
eral two-dimensional benchmark problems. This work repre-
sents another effort to explore the unique numerical features
of the EPF. In the next section, the even parity RTE is for-
mulated first. After that, numerical analysis is conducted on
the RTE, which includes derivation and discretization of the
discrete ordinates equations and discussion of the solution
method. Finally, the problems considered in Refs. 3-5 are re-
visited and the accuracy and computational efficiency of the
even parity solution are discussed.

General Formulation
Consider the RTE for a two-dimensional rectangular enclo-
sure with the L and H as shown in Fig. 1. The balance of
energy passing in a specified direction {2 through a small dif-
ferential volume in an absorbing-emitting and scattering gray
medium can be written as

QWVIr, Q) = —( + o)Ir, Q) + &l (r)

+ lf Ir, QYD = Q) dQ’ 1)
47 Josn

where I(r, ) is the radiative intensity, which is a function of
position and direction; I,(r) is the blackbody radiative intensity
at the temperature of the medium; and P(Q" — Q) is the
scattering phase function.
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Fig. 1 Schematic of rectangular geometry.

If the wall bounding the medium is assumed gray and emits
and reflects diffusely, then the radiative boundary condition for
Eq. (1) is given by

I(r,., Q) = el,(r,) + (1;778) q(r.) (2a)

with
q(r,) = f I(r,, Q) |n Q7| dQ~ (2b)
n' Q<0

where Q' and Q7 denote the leaving and arriving radiative
intensity directions, respectively, and ¢(r,,) is the irradiation on
the wall.

The even parity form of the RTE is derived by considering
opposite directions £ and —{?, and by defining the following
quantities:

For,Q)=1Ir, Q) + Ir, —Q) 3)
G(r, Q) =Ir, Q) — Ir, —O) 4)

Equation (1) can be written for the direction 2 and —£2. Add-
ing and subtracting the resulting equations using Eqgs. (3) and
(4) leads to the following equations for the variables F and G:

QVF(@r, D) = —(k + )G, Q)

+ 4%] G(r, QDA - Q) — Q' - —Q)] dQ’
o 5)

QVGr, Q) = —(k + OF@r, Q) + 2kl,(r)

+ 4%] F(r, QH[®Q — Q) + BQ' — —Q)] O’
o ©)

It should be noted that the integrations in the previous two
equations are made only over 27 solid angles. For the sake of
simplicity, only isotropic scattering is considered. The deri-
vation of the formulation for anisotropic scattering is tedious
and interested readers can refer to Ref. 7. For isotropic scat-
tering, P(Q)' — Q) = 1, thus, the integration in Eq. (5) van-
ishes and there is

G(r, Q) = —[1/(k + O)(P-V)F(r, Q) (7)

Substituting the variable G in Eq. (6) with Eq. (7), the EPF of
the RTE is then obtained as

Qv ; Q" VF(r, Q) = (k + OF(r, Q)
K+ o

— 2kl(r) — 4% f 2F(r, Q') dY 8)
Q=27

Equation (8) is a second-order equation that has been shown
to be positive definite and self adjoint.® Similarly, by manip-
ulating Eqs. (3), (4), and (7), the radiative boundary condition
for Eq. (2a) can also be derived in terms of the variable F as

. Q 1
|(ZQ)| T o (QVF@r,, Q) = Fr,, Q)
2(1 —
— 2el(r,) — % ) )



LIU ET AL. 255

In the derivation of Eq. (9), care should be taken to determine
the sign of the term

[1/(x + )2 V)F(r,, Q)

which is dependent on the cosine value of the angle between
n and Q.

Equations (8) and (9) represent the vector forms of the RTE
and they can be transformed into the equations in terms of x
and y variables by substituting each vector with its vector com-
ponents and executing the vector operators:

LN ),
ox |k + o ® dx ® Jdy
0 1 oF oF
+ = pE— + & —
dy |k + o Ox dy

T
=(k + o)F — 2kl, — —f 2F d€)' (10)
4T Joiom

(pn, + &) 1 oF oF
' =t {—
|un, + &n,| k + o ox dy

2(1 — &)
—
T

= F — 2¢l, — (11)

where n, and n, denote the wall normal vector components
whose values are different at different walls.

Numerical Analysis

Discrete Ordinates Equations

The EPF of RTE, Eq. (10), involves not only spatial differ-
entiation, but also the angular integration over the solid angle
€. To solve this equation numerically, the angular dependence
is first removed. In the DOM, the RTE is replaced by a set of
equations for a finite number of M ordinate directions. For a
specific ordinate direction m, defined by Q,, = (&, &), the
integral in Eq. (10) is replaced by a quadrature of order M
with the appropriate angular weights w,,

i 1 L OF™ N ; 9F"™
x|k + o Mo o MonSim dy

9 1 OF ™ L 9F"™
+ = Moy —— + &, ——
dy |k + o ox dy

a il '
= (k + OF" = 2kl — — > 2w, F" (12)

m'=1

Since the integration in the even parity RTE is made over 27
solid angles, it is necessary to solve the equations for only half
of the directions that would be required if the conventional
RTE were applied. The selection of the direction cosines and
corresponding weights, that is, the quadrature scheme, is ar-
bitrary, although restrictions arise from the need to preserve
symmetries and invariance properties of the physical system.
In this study, the level symmetric S, quadrature scheme’ was
employed.

For the discrete direction (,,, the radiative boundary con-
dition for Eq. (12) can be written as

(Moite + En,) 1 aF™ aF™
- Mo —— + & —
[ + Enyl k + o ox dy
- 2(1 — &)
=F" —2el, ——¢ (13)
a

Equation (13) also involves the angular integration that is im-
plicitly included in the calculation of g.

Spatial Discretization

To solve the discrete ordinates equation, the rectangular en-
closure is subdivided into small control volumes by MX X MY
meshes. Within each control volume, the spatially discretized
equation for the variable F in €}, is derived. Since Eq. (12) is
similar to the transport equations in fluid dynamics, it can be
discretized spatially in the same way as in computational fluid
dynamics (CFD)."" In a control volume, the second-order spa-
tial derivative terms in Eq. (12) are discretized using the sec-
ond-order central difference scheme, whereas the terms in the
right-hand side of Eq. (12) are treated as source terms. The
discretized terms are divided into nonmixed-derivative and
mixed-derivative parts. The nonmixed-derivative terms are
treated implicitly and the mixed-derivative terms are lumped
into the explicit part of the source terms. This arrangement
reduces the computer memory requirements compared to the
fully implicit treatment. For simplicity, only the spatial deriv-
ative term in the x direction is presented:

P 1 L OF™ N ; OF™
o | % + o Mo ox HonSm ay
1 1 , OF™ oF™
=— Tt Sy
Ax,; |:K + o <M Ix Ko Jdy >:|i+1/2,j

1 1 , OF™ + ¢ aF™ (14)
I P G s .

where i and j represent volume index numbers in the x and
y directions, respectively; the terms associated with 9F"/dx
are the nonmixed-derivative terms and the terms involving
OF"/dy represent the mixed-derivative terms. The nonmixed-
and mixed-derivative terms on the i + 3 control volume in-
terface can be written as

1 1 , OF™
Ax,; |k + & Hon dx i+1/2.)

1 B
= F:” o F:”- 15
A)Ci,jA)CH]/z,j <K + O->i+1/z,_,'( + 1. ‘J) (15)
] 1 aFm 1
A Honbon —— =
Axij Lk + o oy i+172.) 4Ax; Ay, ;
Mz
X | = (F:»],j+] + Fl — Fi o — F:f}_])
K+ o i+172,)
(16)

Discretization of the radiative boundary condition, Eq. (13),
requires special attention because it is a first-order differential
equation and is likely to induce instability in the numerical
procedure.®' To overcome this problem, an upwind scheme is
used. The order of an upwind scheme is selected to be second-
or third-order to be compatible with the scheme used for the
interior control volume. For simplicity, only the first-order spa-
tial derivative term in the x direction is presented:

(Moite + &0,) R OF” 1
- = [(fi+1/z,j - fi—l/z,j)
lwn, + &nl k + o ox Ax;;

- (di+1/z,j - di—l/z,j)] (17)

The first term on the right-hand side of Eq. (17) denotes a
first-order upwind scheme and the second term represents a
higher-order antidiffusion correction:

fi+1/z,j = max[0, 6] F:”/ — max[0, —0] F:l}r],j

fimin; = max[0, O1F”,; — max[0, —O]F7

ij
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where the variable @ is given as

(o + &)
|t + €, k€ + o

0=

and the second- or third-order antidiffusion term can be written
in the following form:
Second-order upwind scheme:

AFZ,, 6>0
dos= 4101 (7520 520

AF” 5, 6>0
o i—=3/2,js
diipy =20 |:AF§11/2,_/3 0< O:|

Third-order upwind scheme:

di+1/z P = _; |0| éAFﬁ]Q‘j H _% AF:Z]le’ 0>0
o BAFH:]/Z,J‘ + 3 AFHl»BIst 0<0
dovey = 210 | 40 ¥R A s 050
o _3AFi—1/z,j + 3 AFi+1/2,j, 0<0

Second-order central scheme:

1 1
di+1/z,j =2 |0|AF:11/2,J' di—]/z,j =" |0|AF£1/2,J'

where AF represents central difference with F
AF:’}r]/z,j =(Fiy, — F:’,})/Axiﬂ/z,j

If the index number of the variable F is less than the minimal
number 1 or greater than MX, then the index number is taken
to be 1 or MX, respectively.

Solution Method

The preceding spatial discretization is carried out in one
discrete direction. The same discretization procedure is applied
to all M discrete directions. This forms M systems of nonsym-
metric algebraic equations. In this study, each direction is
solved independently. Before the solution procedure begins,
the temperature and partial pressure of the radiatively partici-
pating medium in each control volume are provided, and the
absorption and scattering coefficients are calculated. Because
of the dependence of the source terms and the boundary con-
ditions on the variable F, global iterations are necessary. As
the first step of a solution procedure, an initial solution is as-
sumed and used to calculate the variable G from Eq. (7) and
intensities from Eq. (3) and Eq. (4). Then the source terms and
irradiation are calculated and a system of equations for each
direction is solved. The new solution replaces the previous
solution and the iterative procedure continues until conver-
gence is obtained.

The solver of the discretized equations is directly from a
general CFD code: the FDNS code.'"'* This matrix solver is
based on the preconditioned conjugate gradients squared
(CGS) method. Langtangen'® compared several conjugate gra-
dients methods with preconditioning for nonsymmetric matrix
systems with arbitrary sparsity patterns and found that the pre-
conditioned CGS method turned out to be the best method.
Incomplete factorization'* is used as the preconditioner be-
cause it is easy to program and has a fast convergence rate.

Results and Discussion

Based on the theoretical and numerical analyses described
earlier, a computer program has been developed that can sim-
ulate two-dimensional radiation using the EPF. To examine the
accuracy and computational efficiency of the EPF of the DOM,
another computer program has also been developed that uses
the conventional DOM with the step spatial differencing

scheme to simulate radiative heat transfer. In this study, the
solution from the EPF of the DOM is termed the even parity
solution and the solution from the conventional DOM is
termed the discrete ordinates solution. The geometry studied
in this paper is the two-dimensional square enclosure with both
L and H equal to unity (Fig. 1). For this geometry, three kinds
of problems were selected: 1) an absorbing-emitting medium
in a black enclosure, 2) a purely scattering medium in a black
or gray enclosure, and 3) an absorbing-emitting medium with
a uniform heat source in a black enclosure. These three prob-
lems have been considered previously,” ® and the exact or ac-
curate zone solutions are available and they are presented for
comparison in addition to the even parity solution and discrete
ordinates solution.

In each even parity solution, the level symmetric Sg quad-
rature scheme” is applied, and the spatial grid mesh used is 20
X 20 and it is clustered in the regions near the walls. A uni-
form grid mesh should be avoided in the even parity solution
because the radiative wall flux, one of the major quantities of
interest, is a function of the gradient of the variable F, which
usually changes rapidly near the wall. Convergence is mea-
sured using a tolerance in the incident radiation. Iterations are
continued until the relative incident radiation change is less
than a preselected tolerance in each surface or volume element.
Unless otherwise specified, the preselected tolerance in this
study is 0.01%, which is small enough for most problems.
However, for a problem with strongly reflecting walls, a
smaller convergence tolerance may have to be used. Other-
wise, sizable errors can be found in the results. This is dis-
cussed in one of the problems considered later. All computa-
tion was conducted on the IBM RISC/6000 machine. For a
combustion problem, the radiative transfer quantities of inter-
est are the net radiative wall flux and the radiative divergence.
In this study, however, the incident radiation or the emissive
power, which is the derivative quantity of the radiative diver-
gence, is used to show the accuracy of the radiative diver-
gence.

The discrete ordinates solution for each problem was ob-
tained based on the same conditions as those in the even parity
solution for the convenience of comparison. It should be noted
that the use of nonuniform grid mesh is not necessary in the
discrete ordinates solution. This is different from the even par-
ity solution.

Absorbing- Emitting Medium in a Black Enclosure

The first problem examined is an enclosure with cold, black
walls and a purely absorbing-emitting medium maintained at

Lz
| Even parity
-------- Discrete Ordinates
X O Exact
1.0 . @

£=10.0 m™!

x=0.1 m™!

Net radiative wall heat flux, Q,

0.0 I n L 1 n n i 1 n L 1 1 1 i n
0.0 0.2 0.4 0.6 0.8 1.0

x/L

Fig. 2 Comparison of net radiative wall heat flux for different
absorption coefficients.
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Table 1 CPU time and iterations
for the first problem

CPU time, s Iterations
Even Discrete Even Discrete
K parity ordinates parity ordinates
0.1 95.97 2.54 96 2
1.0 27.85 2.15 32 2
10.0 16.61 2.16 22 2
1.0 LA B L AL B L AL B A |
3 L ]
< [ Even parity without fix-up 1
54 I Even parity with fix—up i
= R N Discrete Ordinates
= 09 T\ O Zone N
= R
[} L )
rq -
S o8
|
]
> L
-
e
i I ]
o] - .
= 0.7 .
$my L o=1.0 m i
)
Py ]
Z )
06 L L L 1 1 1 L 1 L L s L L L i 1 2 L L
0.0 0.1 0.2 0.3 0.4 0.5

x/L

Fig. 3 Comparison of net radiative wall heat flux.

an emissive power of unity. The selected medium & varies
from 0.1 to 1.0 to 10.0. This benchmark problem is studied
frequently because an exact solution'>'® for net radiative wall
flux is available.

Figure 2 shows comparisons of the net radiative wall flux
among the even parity, discrete ordinates, and exact solutions
at « of 0.1, 1.0, and 10.0. As k increases, the walls receive
more radiative energy and net radiative wall flux distribution
is seen to become smoother in the central region and steeper
in the near-wall regions. At each k, the prediction from the
even parity solution is found to be essentially coincident with
the discrete ordinates and exact solutions in the all regions and
the maximum difference are within 2%. Fiveland and Jessee*’
investigated the same problem using the finite element for-
mulation of the even parity RTE and found the accuracy of
the even parity solutions degraded as « increased when a uni-
form grid mesh was applied. This degradation should disap-
pear if a nonuniform and fine grid mesh is used.

The required CPU time and iterations for the even parity
and discrete ordinates solutions are listed in Table 1. In the
discrete ordinates solution, the source terms in the discretized
equations and boundary conditions are independent of the in-
tensity. Therefore, only two iterations are required to obtain
convergent solutions at each k. However, in the even parity
solution, there exist the mixed derivative terms [see Eq. (14)]
in the discretized equations, even for a simple rectangular ge-
ometry. This results in a strong dependence of the source terms
on the variable F. Thus, the CPU time and iteration number
are seen considerably higher in the even parity solution, es-
pecially for the case with a small optical thickness.

Purely Scattering Medium in a Black or Gray Enclosure

The second problem examined is an isotropically scattering
medium in a black or gray enclosure. The coefficient o is 1.0.
The lower wall (wall 3 as shown in Fig. 1) is a hot wall and

it has an emissive power of unity, whereas the rest are cold
walls. Several methods have been used to solve this problem.
The solution from the zone method'”'® has been considered to
be accurate. Thus, the even parity solution will be tested
against the zone solution as well as the discrete ordinates so-
lution at different wall emissivities.

Unlike the previous problem, the present problem has dis-
continuous emissive power at the lower left and right corners.
As indicated by Ratzel and Howell,'® the second-order central
difference scheme seems to have difficulty in capturing all of
the physics in the corner regions with strong emissive power
discontinuities. One example is the case considered here for a
black enclosure where the hot wall infinitesimally near the
corner is emitting and absorbing and the cold side walls infin-
itesimally near the corner are only absorbing. In this case, the
net radiative wall heat flux on the hot wall from the even parity
solution is found to be overestimated in the corner regions as
shown in Fig. 3. A further check of other radiative quantities
indicates that radiative intensities become negative at some

1.0 — T

L Even parity
3 L~ e Discrete Ordinates
(o4 e O Zone
o L
5 0.8
— N
(™
-
o] L ]
[}
o 0.6 .
— - .
=
©
= I o5 ]

€=U,
[ - -
O 0.4 fgugnininey o
) - B
-+
o]
o
g L
o 0.2 N
3 [ €=0.1
=4
00 L 1 1 1 L X i 1 L " " 1 1 2 L 1 L L L
0.0 0.1 0.2 0.3 0.4 0.5

x/L

Fig. 4 Comparison of net radiative wall heat flux for different
wall emissivities.

3.0 — T T T T

- Even parit, g
F e Discrete Ordinates 1
I O Zone ]

Incident radiation, G,

0.0 0.2 0.4 0.6 0.8 1.0

y/H

Fig. 5 Comparison of centerline incident radiation for different
wall emissivities.
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points near the corner regions. The regions with negative in-
tensity are smaller, and the radiative wall flux is less overes-
timated in the corner regions as the grid mesh becomes finer.
However, it is very difficult to completely avoid negative in-
tensities unless a prohibitively fine grid mesh is used. This
finding is contrary to the common belief that EPF ensures pos-
itive intensities.” > Therefore, although the variable F is always
positive, the radiative intensity, which is a function of the var-
iable F, can become negative for some special cases. This is
an important observation in this study.

Physically unrealistic negative intensities result in an incor-
rect prediction of radiative wall heat flux and they should be
avoided. In this study, the negative intensities are avoided by
using the same negative intensity fix-up procedure as that in
the conventional DOM. That is, when a negative intensity is
encountered, it is set to be zero. The corresponding variable F/
is then calculated from Egs. (3) and (4) rather than solved from
the EPF. With this procedure, the even parity results in radi-
ative wall heat flux in the corner regions drop considerably, as
seen in Fig. 3, and their difference from the zone solution is
narrowed within 4%. This reasonable solution will be used for
comparison with the discrete ordinates and zone solutions in
the following figures. For some gray enclosures such as those
to be considered in Figs. 4 and 5, the corner emissive power
discontinuity is less critical because the cold walls can also
reflect incident radiation, and therefore, the previous negative
intensity fix-up procedure is not necessary.

Figure 4 shows the net radiative wall flux on the hot wall
for even parity solutions compared to the discrete ordinates
and zone solutions for enclosures with wall emissivities of 1.0,
0.5, and 0.1. Three different solutions are seen to have very
good agreement in each case. For a problem with strongly

Table 2 CPU time and iterations
for the second problem

CPU time, s Iterations
Even Discrete Even Discrete
o & parity ordinates parity ordinates
1.0 1.0 41.77 5.74 47 8
1.0 0.5 94.66 14.20 132 19
1.0 0.1 434.14 59.70 552 82
0.1 1.0 139.69 3.01 154 4
10.0 1.0 44.60 39.00 63 55
100.0 1.0 172.37 328.79 241 425
0.36
3 -
o L
b 0.32 C
3
= L
=
w 028}
© L
fa
= !
S 0.24
= X
" L
2 I
-E; 0.20 -
'.'8 L/ Even parity |
© L e Song and Park J
= o.t6 b e - Discrete Ordinates .
+ X O Zone ]
Q
=, ]
0_12-...1...|...|...|...'
0.0 0.1 0.2 0.3 0.4 0.5

x/L

Fig. 6 Comparison of net radiative wall heat flux at « = 0.1 m™.

reflecting walls, the incident radiation change between two
consecutive iterations becomes very small in the iterative so-
lution procedure in the even parity solution. Hence, the pre-
selected convergence tolerance should be small enough to
guarantee that the final solution is really convergent. Other-
wise, gradually increased errors will be found in the solution
as the wall emissivities are decreased. Several different toler-
ances were used to test the convergence for the two gray en-
closures. The solutions were considered to be convergent only
when the preselected tolerance was less than 0.001%. There-
fore, the even parity solutions for the two gray enclosures in
Fig. 4 were obtained using a tolerance one order of magnitude
less than other problems.

Comparisons of centerline incident radiation distributions
for the three cases considered in Fig. 4 are demonstrated in
Fig. 5. Each even parity solution is seen to compare very well
with the discrete ordinates and zone solutions. At the point of
x/L = 0.5 and y/H = 0.5, all solutions predict an incident ra-
diation of unity that matches the exact solution."

036 —r—T—T—T T T T T T
3 - J
o L J
v 0.32 I B
=}

2
T 028
(5] -
< L
S 024
2 !
©
2 r
-E; 0.20 I
o L 7 Even parity ]
[ I 2 Song and Park
H o1t == - Discrete Ordinates B
-+ L O Zone
(9]
= |
012 i 2 " " 1 L L L 1 ) 1 ) 1 L " " L L L L
0.0 0.1 0.2 0.3 0.4 0.5

x/L

Fig. 7 Comparison of net radiative wall heat flux at ¢ = 1.0 m™.

3.0 L S S I R S B B A R ) B R
[ oot 1
25| x=0.1 m™* 4
= I ]
& 2.0 i
g L J
[e] | Even parity :
& 1.5 - * Song and Park B
@ D Discrete Ordinates |
Z O Zone ]
n
n L ]
é 1.0 | —
= xk=1.0 m™! 1
0.5 ”* o * = A
|- - rsnnaes” ]
00 I 1 L L L 1 " L " 1 L " " 1 1 L L ]
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Fig. 8 Comparison of centerline (x/L = 0.5) emissive power dis-
tributions.
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Table 3 CPU time and iterations
for the third problem

CPU time, s Iterations
Even Discrete Even Discrete
K parity ordinates parity ordinates
0.1 88.31 441 93 6
1.0 28.17 10.22 33 14
10.0 95.64 80.16 124 111

Table 2 shows the CPU time and iterations for the even
parity and discrete ordinates solutions. With a decrease of wall
emissivity, the convergence in both the even parity and discrete
ordinates solutions becomes slow. However, the discrete
ordinate solution still converges six to seven times faster
than the even parity solution for each case. To examine the
convergence characteristics for different optical thicknesses,
three additional cases with o equal to 0.1, 10.0, and
100.0 in a black enclosure were considered and the corre-
sponding CPU time and iterations are listed in Table 2. As
the optical thickness increases, the number of iterations rises
steadily for the discrete ordinates solution, but falls at first
and then rises for the even parity solution. Except for the case
with a very large optical thickness, the convergence in the
discrete ordinate solution appears faster than the even parity
solution.

Absorbing- Emitting Medium with a Uniform Heat Source
in a Black Enclosure

The third problem examined is an enclosure that has a uni-
form heat source with a value of unity. The walls are assumed
to be cold and black. The medium is purely absorbing-emit-
ting and it has x equal to 0.1 or 1.0. Because of the internal
heat source, this problem requires an iterative solution proce-
dure with the energy equation. Similar to the second problem,
the accurate zone solution™'® is available for this problem and
it will be used to validate the even parity solution.

Figures 6 and 7 present the net radiative wall flux distri-
butions at « of 0.1 and 1.0, respectively. At each case, the even
parity solution demonstrates very good agreement with the dis-
crete ordinates and zone solutions and the maximum difference
among three solutions is less than 1%. Song and Park’ inves-
tigated the same problem using the EPF and their results differ
significantly from the zone solution as shown in the figures.
One possible reason for such large discrepancies is that they
solved the even parity RTE based on a uniform grid mesh that
can not resolve radiation accurately at the boundaries.

The emissive power distributions at the center location x/L
= 0.5, with x equal to 0.1 and 1.0, are plotted in Fig. 8. In
contrast to the net radiative wall flux in Figs. 6 and 7, very
good agreement is seen for all different solutions, even for that
from Song and Park.’ Thus, it is concluded that the results
predicted by the even-parity RTE is less susceptible to grid
mesh inside the medium. Such a fact was also reported by
Fiveland and Jessee.*’

The CPU time and iterations for the even parity and discrete
ordinates solutions are presented in Table 3. To investigate the
convergence characteristics for different optical thicknesses, an
additional case with k equal to 10.0 was considered and the
corresponding CPU time and iterations are also listed in Table
3. Similar to the second problem, the discrete ordinates solu-
tion converges slowly, whereas the even parity solution con-
verges fast first and then slowly as the optical thickness in-
creases. For each case, the discrete ordinates solution needs
less CPU time and iterations than the even parity solution,
especially for a small optical thickness.

Conclusions

The EPF of the DOM has been employed to investigate
radiative heat transfer in two-dimensional enclosures contain-

ing an absorbing-emitting and scattering medium. Compared
to the conventional RTE, a finer grid mesh and a smaller
convergence tolerance have to be used in the numerical treat-
ment of the EPF. For a problem with a strong corner emissive
power discontinuity, the EPF cannot ensure positive radiative
intensities and the negative intensity fix-up procedure should
be used to reduce the related side effects. For an absorbing-
emitting and isotropically scattering medium, although radia-
tion from the EPF of the DOM only needs to be simulated in
the half of the angular domain that would be required if
the conventional RTE were applied, the even parity solution
usually requires more CPU time and iterations to converge
in comparison with the conventional DOM, especially for
the case with a small optical thickness. From the present
study, it appears that the conventional DOM is more robust
than the EPF of the DOM. More work is needed to ex-
amine this claim for the more complicated problems in the
future.
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